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1. Introduction
Let G be a group, H  G . The normal closure HG of H in G , the smallest normal subgroup of G
containing H , plays an important role in some situations. For example, in [2], the author classiﬁes the
non-Dedekind p-group G such that |G : 〈a〉G | p for all cyclic subgroups 〈a〉 of G . In this paper, we
consider another case for the normal closure of cyclic subgroups in a ﬁnite 2-group.
As in [9], a group G is called a BI(l)-group (G ∈ BI(l) for short) if |〈a〉G : 〈a〉|  l for every a ∈ G .
It is clear that BI(l)-property is inherited by subgroups and quotient groups. This fact will be used
frequently in the paper. However, BI(l)-property is not closed with respect to extension of its members
(see [9]).
The BI(1)-groups are known as Dedekind groups, which have only normal subgroups. There are
many generalizations on Dedekind groups (see [5,7]). It is interesting to see that BI(p)-groups have
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H. Lv et al. / Journal of Algebra 342 (2011) 256–264 257close connection with J -groups, which are studied in [7]. A group G is called J -group (G ∈ J for
short), in which each element x ∈ G satisﬁes either 〈x〉 G or 〈x, xg〉 G for all g ∈ G − NG(〈x〉). By
[9, Proposition 2.2], for p  3, a p-group G ∈ BI(p) if and only if G ∈ J . But this is not true for p = 2
(see [9, Example 2.1]). Information on BI(2)-groups and BI(p2)-groups with p  3 can be found in [9].
So we need to study the BI(22)-groups.
In this paper, we mainly study BI(22)-groups. In Section 2, we investigate the properties of BI(22)-
groups with two generators, which make us to get results about BI(22)-group in general case. In
Section 3, we prove that if G ∈ BI(22), then G8  Z(G) and G4 is abelian (Theorem 3.1), and cl(G) 5
(Theorem 3.4). We also get that exp(G ′) 23 (Corollary 3.5).
We use standard notation. Let G be a ﬁnite p-group. H  G means that H is a normal subgroup
of G . Φ(G) is the Frattini subgroup of G . Ωn(G) = 〈x ∈ G | xpn = 1〉, Gpn = 〈xpn | x ∈ G〉. cl(G) is the
nilpotent class of G . exp(G) is the exponent of G . γi(G), Zi(G) is the lower central series, the upper
central series of G , respectively. Z(G) = Z1(G). G ′ = γ2(G). Cn is the cyclic group of order n. D2m is
the dihedral group of order 2m . Q 2m is the generalized quaternion group of order 2m . SD2m is the
semidihedral group of order 2m . M2m is a nonabelian 2-group containing exactly 2 cyclic subgroups
of index 2.
Throughout this paper, unless otherwise stated, all groups considered are ﬁnite 2-groups.
2. BI(22)-groups with two generators
The present section is devoted to obtaining the properties of BI(22)-groups generated by two ele-
ments, on which the general case of BI(22)-groups is depending in the next section.
The ﬁrst two lemmas are about p-groups. Part of the next lemma appeared in [9, lemma 2.5].
Lemma 2.1. Let G ∈ BI(pk). Then for all a ∈ G, |G : NG(〈a〉)| pk and 〈apk 〉 G.
Proof. Let |a| = pn . Since G is a BI(pk) p-group, |〈a〉G |  pn+k . Hence there are at most (pn+k −
pn−1)/(pn − pn−1) = pk + · · · + 1 cyclic subgroups of order pn . Since 〈a〉g  〈a〉G for every g ∈ G , we
see |G : NG(〈a〉)| pk .
In order to prove that 〈apk 〉 G , it suﬃces to prove that 〈apk 〉b = 〈apk 〉 for any b ∈ G . Let H =
〈a,b〉, then H ∈ BI(pk) for G ∈ BI(pk). Let |a| = pm , and then |〈a〉H | pm+k . Since |〈a〉H | |〈a〉〈ab〉| =
|〈a〉||〈ab〉|/|〈a〉∩〈ab〉|, we have that |〈a〉∩〈ab〉| pm−k . Thus 〈a〉∩〈ab〉 〈apk 〉, and then 〈apk 〉 = 〈apk 〉b ,
as required. 
Lemma 2.2. (See [9, Lemma 2.4].) Let G = 〈a,b〉. If |〈a〉G : 〈a〉|  p, |〈b〉G : 〈b〉| p and 〈a〉 ∩ 〈b〉 = 1, then
cl(G) 2 and |G ′| p.
In the following discussion, we frequently use the so-called Hall–Petrescu formula, which is one of
the most important and deep results of general group theory. Since the original form of this formula
[6, Theorem 3.1] is not so exact (for our purpose), we use the ﬁnal version of the formula which is
due to Petrescu [10].
Lemma 2.3. Let G = 〈a,b〉 ∈ BI(22). If 〈a〉 ∩ 〈b〉 = 1, then the following statements hold:
(1) G4  Z(G);
(2) |G ′| 23 , and exp(G ′) 22 .
Proof. Let |a| = 2m , |b| = 2n . Since G is a BI(22)-group, by Lemma 2.1, 〈a4〉 G and 〈b〉a4 = 〈b〉. As
〈a〉 ∩ 〈b〉 = 1, we see that [a4,b] = 1, and a4 ∈ Z(G). Similarly, b4 ∈ Z(G).
Firstly, we prove (2). We need to consider the two following cases:
(i) n  2 (similarly for m  2). Thus |〈b〉G |  24, and |G ′|  23. To prove exp(G ′)  22, we
need only to consider the case |G ′| = 23. If 〈a〉 ∩ G ′ = 1, since G ′  〈a〉G and G ∈ BI(22), we see
258 H. Lv et al. / Journal of Algebra 342 (2011) 256–26422  |〈a〉G : 〈a〉|  |〈a〉G ′ : 〈a〉| = 23, a contradiction. Thus 〈a〉 ∩ G ′ = 1, and then a2m−1 ∈ G ′ . Similarly,
b2 ∈ G ′ , which implies exp(G ′) 22 for 〈a〉 ∩ 〈b〉 = 1.
(ii) m  n  3. Then |〈a〉G ∩ 〈b〉G | 24. Since G ′  〈a〉G ∩ 〈b〉G , we need only to consider the case
23  |〈a〉G ∩ 〈b〉G |  24. Thus a2m−1 ∈ 〈a〉G ∩ 〈b〉G and b2n−1 ∈ 〈a〉G ∩ 〈b〉G . Let N = 〈a2m−1 ,b2n−1 〉, then
N  G for N  Z(G). Let G¯ = G/N . Then we see that |〈a¯〉G¯ : 〈a¯〉| 2 and |〈b¯〉G¯ : 〈b¯〉| 2, where a¯ = aN ,
b¯ = bN . By Lemma 2.2, |G¯ ′| 2, and then |G ′| 23, and exp(G ′) 22.
Next we prove (1). By (2), |G ′| 23 and exp(G ′) 22, then |(G ′)2| 2. Hence x2 ∈ Z(G) for each
x ∈ G ′ . Let g1 = aib j ∈ G . By Hall–Petrescu formula,
(
aib j
)4 = (ai)4(b j)4c(42 )2 c
(4
3
)
3 c
(4
4
)
4 ,
where ci ∈ γi(G), i = 2,3,4. Now c
(4
2
)
2 = (c22)3 ∈ Z(G), c
(4
3
)
3 = c43 = 1 ∈ Z(G), and c
(4
4
)
4 = c4 ∈ Z(G)
for cl(G)  4. Hence we have g41 ∈ Z(G). For any g = ak1bl1 · · ·akr blr ∈ G , we see that g4 ∈ Z(G) by
induction on r, as required. 
The following lemma is interesting. It make us know that we can ﬁnd an element x such that
|〈x〉G : 〈x〉| 2 in a BI(22)-group G .
Lemma 2.4. Let G ∈ BI(22). Then |〈a2〉G : 〈a2〉| 2 for every a ∈ G.
Proof. If |a| 2, there is nothing to prove. So we suppose that |a| 4. By Lemma 2.1, 〈a4〉 G . Let
G¯ = G/〈a4〉 and a¯ = a〈a4〉. Then |a¯| = 4 and |〈a¯〉G¯ |  24. Let K¯ = 〈a¯〉G¯ . If |K¯ |  22, then K¯ = 〈a¯〉, and
〈a〉 G . Clearly, the lemma is true in this case. Now suppose that |K¯ |  23. Then K¯ is noncyclic. It
follows that |K¯ : Φ(K¯ )| 22, which implies |K¯ 2| 4. Clearly, 〈a¯2〉G¯  K¯ 2. Hence |〈a¯2〉G¯ : 〈a¯2〉| 2 and
then |〈a2〉G : 〈a2〉| 2. 
Since Lemma 2.3 gives us information for G = 〈a,b〉 ∈ BI(22) with 〈a〉 ∩ 〈b〉 = 1, from now on, we
focus on the case 〈a〉 ∩ 〈b〉 = 1.
Lemma 2.5. Let G = 〈a,b〉 be a noncyclic 2-group such that 〈a〉 ∩ 〈b〉 = 1, |a| = |b| = 24 and |〈a〉G : 〈a〉| 2.
If |〈b〉G : 〈b〉| 2 or |〈b〉G : 〈b〉| 4 and 〈a22 〉 〈a〉 ∩ 〈b〉, then |ab| 23 .
Proof. Let c = [a,b]. Since |〈a〉G : 〈a〉|  2 and c ∈ 〈a〉G , then c2 ∈ 〈a〉, and (c2)a = c2. Since G is not
cyclic, then 〈a〉 = 〈b〉. Hence we need to consider the following cases:
(1) |〈a〉 ∩ 〈b〉| = 23. Then 〈a2〉 = 〈b2〉 = 〈a〉 ∩ 〈b〉  Z(G). Since |〈a〉G : 〈a〉|  2, then |G/〈a2〉|  23,
and |(G/〈a2〉)′| 2. As a2 ∈ Z(G), we have G ′ is abelian. Since 1 = [a2,b] = [a,b]a[a,b], then ca = c−1,
and (c2)a = c−2. Note that we have proved (c2)a = c2, hence |c| 22. It follows that exp(G ′) 4 for
G ′ is abelian. Since |(G/〈a2〉)′| 2, then γ3(G) 〈a2〉 Z(G), and we have cl(G) 3.
(2) |〈a〉 ∩ 〈b〉| = 22. Then 〈a22 〉 = 〈b22 〉 = 〈a〉 ∩ 〈b〉 Z(G). As above, we see that |G/〈a22 〉| 25. By
our hypothesis, 24  |〈a〉G | 25.
If |〈a〉G | = 24, then 〈a〉G = 〈a〉, and ab = ak , where (k,2) = 1. Since 〈a22 〉 = 〈a〉 ∩ 〈b〉  Z(G), a4 =
(a4)b = a4k . It follows that k = 1+ 4k1 for some integer k1. Hence c = [a,b] = a4k1 , and c4 = 1. In this
case, G ′ = 〈c〉 is of order no greater than 22. Hence cl(G) 3 and exp(G ′) 4.
Now suppose that |〈a〉G | = 25. Obviously, 〈a〉G is noncyclic. If c ∈ 〈a〉, then ab ∈ 〈a〉 and 〈a〉 = 〈a〉G ,
a contradiction. Hence 〈a〉G = 〈a, c〉. Since a4 ∈ 〈a〉G ∩ Z(G), by [1, Theorem 1.2], 〈a〉G ∼= C24 × C2 or〈a〉G ∼= M25 . Let 〈a〉G = 〈a,d〉, where d2 = 1, ad = d or ad = a1+8. Let ab = ald, where (2, l) = 1. Then
(a2)b = aldald. If ad = a, then (a2)b = a2l and (a4)b = a4l . If ad = a1+8, then (a2)b = aldald = a10l and
(a4)b = a20l = a4l . We have l = 1 + 4l1 for some integer l1. Hence [a,b] = c = a4l1d, it follows from
[a4l1 ,d] = 1 that c4 = a24l1 = 1. It is easy to see that |Ω2(〈a〉G)|  23 and exp(Ω2(〈a〉G))  4. Since
|c| 4, then G ′ = 〈cg | g ∈ G〉Ω2(〈a〉G ). Hence |G ′| 23, exp(G ′) 4 and cl(G) 4.
H. Lv et al. / Journal of Algebra 342 (2011) 256–264 259(3) |〈a〉 ∩ 〈b〉| = 2. Thus 〈a23 〉 = 〈a〉 ∩ 〈b〉  Z(G). Let G¯ = G/〈a23 〉 and a¯ = a〈a23 〉, b¯ = b〈a23 〉.
Then 〈a¯〉 ∩ 〈b¯〉 = 1. By our hypothesis, |〈a〉G : 〈a〉|  2 and |〈b〉G : 〈b〉|  2. Hence |〈a¯〉G¯ : 〈a¯〉|  2,
|〈b¯〉G¯ : 〈b¯〉| 2. By Lemma 2.2, |G¯ ′| 2. It follows that |G ′| 4 and cl(G) 3.
In any case, we have exp(G ′) 4 and cl(G) 4. By Hall–Petrescu formula,
(ab)2
3 = a23b23c
(23
2
)
2 c
(23
3
)
3 c
(23
4
)
4 ,
where ci ∈ γi(G), i = 2,3,4. Since |a| = 24 and a23 = b23 , then (ab)23 = 1, and |ab| 23. 
The above lemma tells us that |ab| < |b|. Clearly, G = 〈a,ab〉. Hence under the assumption of
Lemma 2.5, there exists b1 ∈ G such that G = 〈a,b1〉 and |b1| < |b|. The two following lemmas try
to ﬁnd such b1 in other cases.
Lemma 2.6. Let G = 〈a,b〉 ∈ BI(22) and |a| = 25 , |b| 24 . If 〈a〉 ∩ 〈b〉 = 1, then there exists b1 ∈ G such that
G = 〈a,b1〉 with 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|.
Proof. Suppose that |b| = 24. Let H = 〈a2,b〉. By Lemma 2.4, |〈a2〉H : 〈a2〉|  2. If |〈a2〉 ∩ 〈b〉|  4, by
Lemma 2.5, |a2b| 23. Let h = a2b. Then |h| 23 and G = 〈a,h〉.
Firstly, we consider the case |〈a2〉 ∩ 〈b〉| = 2. Then 〈b23 〉 = 〈a2〉 ∩ 〈b〉  Z(G). Let H¯ = H/〈b8〉,
a¯ = a〈b8〉, and b¯ = b〈b8〉. Let A¯ = 〈a¯2〉H¯ ∩ 〈b¯〉H¯ . Then | A¯|  |〈b¯〉H¯ |  25. Suppose | A¯|  24. Then
|〈b¯〉H¯ : A¯|  2, it follows that b¯2 ∈ A¯. We have b¯2 ∈ 〈a¯2〉H¯ . But now |〈a2〉H : 〈a2〉| = |〈a¯2〉H¯ : 〈a¯2〉| 
|〈a¯2〉〈b¯2〉 : 〈a¯2〉| = |〈b¯2〉| = 4, which contradicts with |〈a2〉H : 〈a2〉| 2. Hence | A¯| 23.
Now suppose that | A¯| = 23. Since | A¯ : 〈a¯2〉 ∩ 〈b¯〉H¯ | |〈a¯2〉H¯ : 〈a¯2〉| = |〈a2〉H : 〈a2〉| 2, we see that
|〈a¯2〉 ∩ 〈b¯〉H¯ | 22, which implies that a¯4 ∈ A¯. Since |〈a¯〉H¯ : 〈a¯〉| 4, then | A¯ ∩ 〈b¯〉| = 2, we have b¯4 ∈ A¯.
Then A¯ = 〈a¯4, b¯4〉. Since H¯ ′  A¯, we have H¯ ′  〈a¯4, b¯4〉 and H ′  〈a4,b4〉. We claim that |H ′| 23.
Suppose that |H ′| 24, then H ′ = 〈a4,b4〉 for |〈a4,b4〉| = 24. By Lemma 2.1, 〈a4〉 G and 〈b4〉 G .
By [1, Theorem 1.2], we have H ′ ∼= M24 or H ′ ∼= C8 × C2. Let c = [a2,b]. Then we have c2 ∈ 〈a4〉. By
Lemma 2.1, a4 normalizes 〈b〉, and then 〈b¯〉 H¯ . Hence [a¯4, b¯] = 1¯ for 〈a¯4〉 H¯ . Then [a2,b]a2 [a2,b] =
ca
2
c ∈ 〈b8〉. Assume that |c| = 23. Since H ′ ∼= M24 or H ′ ∼= C8 × C2, we see that (H ′)4 = 〈b8〉, and
c4 = b8. We have ca2 = c−1c4 or ca2 = c−1. Then (c2)a2 = c−2. But c2 ∈ 〈a4〉. So we get that c4 = 1, a
contradiction. Hence |c| 4. Obviously exp(Ω2(H ′)) 4 and |Ω2(H ′)| 23, a contradiction.
Now |H ′| 23. If exp(H ′) = 23, then H ′ = 〈c〉 is a cyclic group of order 23. If 〈a2〉 ∩ 〈c〉 = 1, then
|c¯| = |c| = 23. Thus A¯ = 〈c¯〉. Since | A¯ : 〈a¯2〉 ∩ 〈b¯〉H¯ | 2, we see that |〈a¯2〉 ∩ 〈b¯〉H¯ | 2, and a¯8 ∈ A¯ = 〈c¯〉.
Then a¯8 = c¯4. It follows that c4 ∈ 〈a2〉, a contradiction. Hence 〈a2〉 ∩ 〈c〉 = 1, and c4 ∈ 〈a2〉. It follows
that c4 = a16 = b8. Using Lemma 2.1 as in the above paragraph, we get that ca2 = c−1c4 or ca2 = c−1,
which implies that c2 /∈ 〈a2〉. Hence we have 〈c〉 ∩ 〈a2〉 = 〈b8〉 = 〈a24 〉, and then 〈c¯〉 ∩ 〈a¯2〉 = 1. But
c¯ ∈ 〈a¯2〉H¯ , it follows that |〈a¯2〉H¯ : 〈a¯2〉| = 4, a contradiction. So we have exp(H ′) 4 and |H ′| 23. By
Hall–Petrescu formula,
(
a2b
)8 = (a2)23b8c
(23
2
)
2 c
(23
3
)
3 c
(23
4
)
4 = a2
4
b2
3 = 1,
where ci ∈ γi(H), i = 2,3,4. Let h = a2b. Then we also have that G = 〈a,h〉 and |h| 23.
As for the case | A¯| 22, it is easy to see that |H ′| 23. Using the above method, we can also ﬁnd
b1 such that G = 〈a,b1〉 with 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|.
We shall only consider the case |h| = 23 (the case |h|  22 is similar). Let H1 = 〈a4,h〉. By
Lemma 2.1, 〈a4〉  H1 and 〈h〉  H1. So we have cl(H1)  2. If 〈a4〉 ∩ 〈h〉 = 〈h2〉, then [a4,h]2 =
[a4,h2] = 1, and (a4h)4 = 1. If 〈a4〉 ∩ 〈h〉 = 〈h4〉, then |H ′1| 2. We also have (a4h)4 = a2
4
h4 = 1. Let
x = a4h. Then H1 = 〈a4, x〉 and |x|  4. Clearly, G = 〈a, H〉 = 〈a, H1〉 = 〈a, x〉. If 〈a〉 ∩ 〈x〉 = 〈x2〉. Con-
sider K = 〈a4, x〉. Suppose that 〈a4〉∩ 〈x〉 = 1. By Lemma 2.1, 〈a4〉 K and 〈x〉 K . Hence K ∼= M24 or
260 H. Lv et al. / Journal of Algebra 342 (2011) 256–264K ∼= C8 × C2. It follows that [a8, x] = 1. It is easy to ﬁnd b1 such that 〈a8, x〉 = 〈a8〉 × 〈b1〉 and b21 = 1.
Hence we have G = 〈a, x〉 = 〈a,b1〉. Clearly, 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|.
Suppose that |b| = 22. Applying the above method, we can ﬁnd b1 ∈ 〈a4,b〉 such that 〈a4,b〉 =
〈a4,b1〉 with 〈a4〉 ∩ 〈b1〉 = 1 and |b1| < |b|. Therefore G = 〈a,b1〉 with 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|, as
required. 
Lemma 2.7. Let G = 〈a,b〉 ∈ BI(22) with |a| = 2m, |b| = 2n, where m  5 and m  n. If 〈a〉 ∩ 〈b〉 = 1, then
there exists b1 ∈ G such that G = 〈a,b1〉 with 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|.
Proof. We ﬁrst consider the case m = 5. By Lemma 2.6, we need only to consider the case |b| = 25.
Case 1. There is a subgroup N of G ′ such that N ∼= C2 × C2 and N  G .
(i) 〈a16〉  N . We consider G¯ = G/N = 〈a¯, b¯〉, where a¯ = aN , b¯ = bN . Since N  G ′  〈a〉G ∩
〈b〉G , then 〈a¯〉G¯ = 〈a〉GN/N = 〈a〉G/N . It follows that |〈a¯〉G¯ : 〈a¯〉| = |〈a〉G/N : 〈a〉N/N|  2. Similarly,
|〈b¯〉G¯ : 〈b¯〉|  2. Clearly, |a¯| = |b¯| = 24. If 〈a¯〉 ∩ 〈b¯〉 = 1, by Lemma 2.2, |G¯ ′|  2, and then |G ′|  23.
Hence cl(G) 4. By Hall–Petrescu formula,
(ab)2
4 = (a)24(b)24c
(24
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)
2 c
(24
3
)
3 c
(24
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4 ,
where ci ∈ γi(G). Thus (ab)24 = 1. Since G = 〈a,ab〉, by Lemma 2.6, there exists b1 ∈ G such that
G = 〈a,b1〉 and 〈a〉 ∩ 〈b1〉 = 1. If 〈a¯〉 ∩ 〈b¯〉 = 1, by Lemma 2.5, we can ﬁnd x ∈ G such that G¯ = 〈a¯, x¯〉
and |x¯| 23. Hence we have G = 〈a, x,N〉 = 〈a, x〉 for N  G ′ . Obviously |x| 24. By Lemma 2.6, there
exists b1 such that G = 〈a,b1〉 with 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|.
(ii) 〈a16〉  N . Let N1 = N〈a16〉. Then N1 ∼= C2 × C2 × C2 for 〈a16〉 Z(G). Let G¯ = G/N1, a¯ = aN1
and b¯ = bN1. If 〈a¯〉 ∩ 〈b¯〉 = 1, the proof is the same as in (i). If 〈a¯〉 ∩ 〈b¯〉 = 1, by Lemma 2.2, |G¯ ′| 2,
and then |G ′|  24. Hence cl(G)  5. Note that exp(G ′)  22 for N1 is an elementary 2-group. By
Hall–Petrescu formula,
(ab)2
4 = (a)24(b)24c
(24
2
)
2 c
(24
3
)
3 c
(24
4
)
4 c
(24
5
)
5 ,
where ci ∈ γi(G). Thus |ab|  24. As in (i), we can also ﬁnd b1 ∈ G such that G = 〈a,b1〉 with 〈a〉 ∩
〈b1〉 = 1 and |b1| < |b|.
Case 2. There is no subgroup K  G ′ such that K  G and K ∼= C2 × C2. By [1, Lemma 1.4],
G ′ is cyclic or isomorphic to D2r , Q 2r , SD2r . Let c = [a,b]. We shall prove that exp(G ′)  23 and
exp(γ4(G)) 22.
(1) |〈a〉 ∩ 〈b〉| = 24. Then 〈a〉 ∩ 〈b〉 = 〈a2〉  Z(G). Let G¯ = G/〈a2〉. Since G¯ ∈ BI(22), then |G¯| 24,
and |G¯ ′| 22. Hence cl(G) 4 for a2 ∈ Z(G).
If G¯ ′ is cyclic, then G ′ is abelian for a2  Z(G). By assumption, G ′ = 〈c〉. Since a2 ∈ Z(G), we have
that 1 = [a2,b] = [a,b]a[a,b], and then ca = c−1. But c4 ∈ 〈a2〉 for |G¯ ′|  22. Thus c4 = (c4)a = c−4,
and then |c| 23. Hence |G ′| = |〈c〉| 23, and exp(G ′) 23, exp(γ3(G)) 22 and exp(γ4(G)) 2.
Now consider the case G¯ ′ ∼= C2 × C2. Clearly G ′ is noncyclic. Hence G ′ ∼= D2r , Q 2r or SD2r .
Since G¯ ′ = G ′〈a2〉/〈a2〉 and a2 ∈ Z(G), then cl(G ′)  2, we get |G ′|  23. Hence exp(G ′)  22, and
exp(γ4(G)) 22.
(2) |〈a〉 ∩ 〈b〉| = 23. Then 〈a〉 ∩ 〈b〉 = 〈a4〉  Z(G). Let G¯ = G/〈a4〉 and a¯ = a〈a4〉, b¯ = b〈a4〉. Since
G¯ ∈ BI(22), then |G¯| 26.
(2.1) |G¯| = 26. Then |〈a¯〉G¯ ∩ 〈b¯〉G¯ | = 4. Hence G¯ ′ is cyclic or G¯ ′ ∼= C2 × C2. If G¯ ′ ∼= C2 × C2, by the
same method as in (1), we have exp(G ′) 23, cl(G) 4 and exp(γ4(G)) 22. If G¯ ′ is cyclic, then G ′
is abelian for 〈a4〉 Z(G). Thus G ′ = 〈c〉. Let |c| = 2l . Clearly, c4 ∈ 〈a4〉 Z(G) and l  5. Let ca = ck ,
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c4 ∈ Z(G), we have that c4 = (c4)a = c4k . Hence we have
{
k3 + k2 + k + 1 ≡ 0 (mod 2l),
4k ≡ 4 (mod 2l). (1)
If l = 4 or l = 5, the equations have no solution. Hence l  3, we have |c| 23. Then |G ′| = |〈c〉| 23,
and cl(G) 4, exp(G ′) 23, exp(γ4(G)) 2.
(2.2) |G¯| 25. Since 〈a¯〉∩ 〈b¯〉 = 1, by [1, Theorem 1.2], then G¯ is not of maximal class. Hence |G¯ ′|
22. Thus G¯ ′ ∼= C2 × C2 or G¯ ′ is cyclic. Now the method in (2.1) is applied, and we have exp(G ′) 23,
cl(G) 4 and exp(γ4(G)) 22.
(3) |〈a〉 ∩ 〈b〉| = 22. Then 〈a〉 ∩ 〈b〉 = 〈a8〉  Z(G). Let G¯ = G/〈a8〉 and a¯ = a〈a8〉, b¯ = b〈a8〉. By
Lemma 2.3, |G¯ ′| 23, and then |G ′| 25.
(3.1) |G¯ ′| = 23. Since 4 |〈a¯〉G¯ : 〈a¯〉| = |〈a¯〉G¯ ′ : 〈a¯〉| = |G¯ ′ : 〈a¯〉 ∩ G¯ ′|, we see |〈a¯〉 ∩ G¯ ′| 2, and then
a¯4 ∈ G¯ ′ . Similarly, b¯4 ∈ G¯ ′ . Hence G¯ ′ is no cyclic. It follows that G ′ is noncyclic. If |G ′| = 25, then a8 
G ′ . Since a8 ∈ Z(G), then G ′ is not of maximal class. By [1, Lemma 1.4], G ′ has a G-invariant abelian
subgroup of type (2,2), which contradicts our hypothesis. Hence |G ′| 24. Since G ′ is noncyclic, then
exp(G ′) 23. Since cl(G¯) 3, then γ4(G) 〈a8〉, we have cl(G) 4 and exp(γ4(G)) 22. If |G ′| 23,
G ′ is not cyclic for G¯ ′ is not cyclic. Hence exp(G ′) 22. Clearly, cl(G) 4.
(3.2) Suppose that |G¯ ′|  22. If G¯ ′ ∼= C2 × C2. By the same argument as in (2.1), we have
exp(G ′)  23, γ4(G)  〈a8〉 and cl(G)  4. If G¯ ′ is cyclic, then G ′ is abelian, and G ′ = 〈c〉. Obvi-
ously, |G ′| 24. Assume that G ′ is a cyclic subgroup of order 24, then 〈a8〉 = 〈c4〉. Let ca = cl , where
(2, l) = 1 and l 24. Since (c4)a = c4, then c4l = c4. Hence l = 1,9 or 13. Since 〈a8〉 = 〈b8〉 and ca4 = c,
then 1 = [a8,b] = [a4,b]a4 [a4,b] = [a4,b]2, and then ([a,b]a3 [a,b]a2 [a,b]a[a,b])2 = 1. Hence we have
c2(l
3+l2+l+1) = 1. It is easy to get that l = 1,9,13. Hence |c| 23. We have exp(G ′) 23, cl(G) 4 and
exp(γ4(G)) 22.
(4) |〈a〉 ∩ 〈b〉| = 2. Then 〈a〉 ∩ 〈b〉 = 〈a24 〉  Z(G). Clearly, |G¯ ′|  23 and exp(G¯ ′)  22. Hence we
have exp(G ′) 23 , cl(G) 4 and exp(γ4(G)) 22.
Now by Hall–Petrescu formula,
(ab)2
4 = (a)24(b)24c
(24
2
)
2 c
(24
3
)
3 c
(24
4
)
4 ,
where ci ∈ γi(G). Hence (ab)24 = (a)24 (b)24 = 1. Thus G = 〈a,ab〉 and |ab|  24. Now Lemma 2.6 is
applied and there exists b1 ∈ G such that G = 〈a,b1〉 with 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|.
For the general case m  6, we use induction on m + n. Assuming that 〈a〉 ∩ 〈b〉 = 〈a2m−k 〉, where
k  1. If k  4, we consider G¯ = G/〈a2m−5 〉 = 〈a¯, b¯〉, where a¯ = a〈a2m−5 〉, b¯ = b〈a2m−5 〉. Then |a¯| = 25
and |b¯|  25. By Lemma 2.6 and the above argument, there exists b0 ∈ G such that G¯ = 〈a¯, b¯0〉 with
〈a¯〉 ∩ 〈b¯0〉 = 1 and |b¯0| < |b¯|. Then G = 〈a,b0〉 and |b0| 2n−1. By induction, there exists b1 ∈ G such
that G = 〈a,b1〉 with 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|. If k 5, we consider G˜ = G/〈a2m−k−1 〉. By induction,
there exists b2 such that G˜ = 〈a˜, b˜2〉 and 〈a˜〉 ∩ 〈b˜2〉 = 1. Then G = 〈a,b2〉 and |b2| < |b|. Therefore,
by induction again, there exists b1 ∈ G such that G = 〈a,b1〉 with 〈a〉 ∩ 〈b1〉 = 1 and |b1| < |b|, as
required. 
3. BI(22)-groups
Now we consider the general case of BI(22)-group. By Lemma 2.3, for the group G = 〈a,b〉 ∈ BI(22),
G4  Z(G) if 〈a〉 ∩ 〈b〉 = 1. But this is not true if we drop the condition 〈a〉 ∩ 〈b〉 = 1. For example,
the generalized quaternion group Q 25 ∈ BI(22), but (Q 25 )4  Z(Q 25 ). However we have the following
theorem.
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Proof. Let a,b ∈ G , where |a| = 2m , |b| = 2n . It suﬃces to prove that [a8,b] = [a,b8] = 1 and
[a4,b4] = 1. Let H = 〈a,b〉. Without loss of generality, suppose that m n.
If m 5, by Lemma 2.7, there exists b1 ∈ H such that H = 〈a,b1〉 and 〈a〉∩〈b1〉 = 1. By Lemma 2.3,
we have H4  Z(H). Hence [a8,b] = [a,b8] = 1 and [a4,b4] = 1.
Now suppose that 4  m  n. By Lemma 2.3, we need only to consider that 〈a〉 ∩ 〈b〉 = 1. Let
〈a2k 〉 = 〈a〉 ∩ 〈b〉, where k  1. We consider H¯ = H/〈a2k 〉 = 〈a¯, b¯〉, where a¯ = a〈a2k 〉, b¯ = b〈a2k 〉. By
Lemma 2.3, we have exp(H¯ ′)  4 and cl(H¯)  4. It follows that H¯8 = 1. Hence H8  〈a2k 〉  Z(H).
We have [a8,b] = [a,b8] = 1. If k  2, then 〈b4〉  〈a4〉, we have [a4,b4] = 1. If k = 3, we consider
subgroup H1 = 〈a4,b〉. By Lemma 2.1, we have 〈a4〉 H1, 〈b〉 H1. It follows that cl(H1)  2 and
H ′1  〈a2
3 〉. Hence [a4,b4] = 1, as required. 
Now we give a proposition mainly about BI(22)-groups with cyclic subgroup of index 22. Such
groups are classiﬁed in [3, Theorem 74.2].
Proposition 3.2. Let G ∈ BI(22). If |G| = 2m+2 and exp(G) 2m, then |G ′| 23 .
Proof. Clearly we need only to consider the case when G is nonabelian. Suppose that exp(G) = 2m+1.
By [1, Theorem 1.2], G ∼= M2m+2 or D2m+2 , Q 2m+2 , SD2m+2 . If G ∼= M2m+2 , then |G ′| = 2. If G ∼= D2m+2 ,
Q 2m+2 , or SD2m+2 , then m 3 for G ∈ BI(22). Hence we also have |G ′| 23.
Now suppose that exp(G) = 2m . If m 5, then there exists a ∈ G with |a| = 2m . Let b ∈ G − 〈a〉. By
Lemma 2.7, there is b1 ∈ G such that 〈a,b〉 = 〈a,b1〉 and 〈a〉∩〈b1〉 = 1. If G = 〈a,b〉, by Lemma 2.3, we
have |G ′| 23. If 〈a,b〉 is a proper subgroup of G , then |b1| = 2 for |G| = 2m+2. Let b2 ∈ G − 〈a,b1〉.
Similarly, we have |G ′| 23 if G = 〈a,b2〉. Hence we need only to consider the case when H1 = 〈a,b1〉
and H2 = 〈a,b2〉 are both proper subgroups of G . Clearly, |H1| = |H2| = 2m+1. Since Hi ∈ BI(22) (i =
1,2), then Hi ∼= M2m+1 or Hi ∼= C2m × C2. We have Ω1(Hi) ∼= C2 × C2. Since G = 〈a,Ω1(H1),Ω1(H2)〉
and Hi  G (i = 1,2), then G ′  〈Ω1(H1),Ω1(H2)〉. Since a2m−1 ∈ Hi (i = 1,2) and Ω1(Hi) G , then
|〈Ω1(H1),Ω1(H2)〉| 23. So we have |G ′| 23. If m = 4, then it is easy to see that G is not a 2-group
of maximal class. Hence we have |G ′| 23. If m 3, then |G| 25, and |G ′| 23. 
A group G of order pm is said to be of maximal class if m > 2 and cl(G) = m − 1 (see [4]). It is
well know that a 2-group G of order 2m is of maximal class if and only if G ∼= D2m , Q 2m or SD2m
(see [8]). Hence the following proposition, used in the proof of Theorem 3.4, is mainly about 2-groups
of maximal class.
Proposition 3.3. Let G be a 2-group with a cyclic subgroup A = 〈a〉 of index 2. If |a| = 2n  24 , then G cannot
be generated by elements of order 23 .
Proof. We need only to consider the case when G is nonabelian. By [1, Theorem 1.2], G is isomorphic
to M2n+1 , D2n+1 , Q 2n+1 or SD2n+1 .
G cannot be isomorphic to M2n+1 for Ωn−1(M2n+1) is a proper subgroup of M2n+1 . G can not be
isomorphic to D2n+1 or Q 2n+1 for there are not elements of order 2
3 outside 〈a〉.
Now suppose that G = 〈a,b | a2n = b2 = 1,b−1ab = a−1+2n−1 〉 ∼= SD2n+1 , then G/Z(G) ∼= D2n . Let
x ∈ G with |x| = 23, then |xZ(G)| = 4 or |xZ(G)| = 23 for Z(G) = 〈a2n−1 〉. However all elements in
G/Z(G)−〈aZ(G)〉 are involutions. Thus xZ(G) ∈ 〈aZ(G)〉, and x ∈ 〈a〉, which implies that G cannot be
generated by the elements of order 23 in G . 
Theorem 3.4. Let a,b ∈ G ∈ BI(22). Then |〈[a,b]〉G | 24 , [a,b]8 = 1, and hence cl(G) 5.
Proof. Let |a| = 2m , |b| = 2n and c = [a,b]. Without loss of generality, suppose m  n. It suﬃces to
prove that |〈c〉G | 24 and c8 = 1.
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we need to consider the case a /∈ 〈b〉G and b /∈ 〈a〉G .
If 〈a〉 ∩ 〈b〉 = 1, we consider A = 〈a〉G ∩ 〈b〉G . Then |A|  24 for G ∈ BI(22). If |A|  23, then
a2
m−1
,b2
n−1 ∈ A. In this case, |Ω1(A)| 4. Hence exp(A) 23. Clearly, this is also true for |A| 22. So
we have |〈c〉G | 24 and c8 = 1 for c ∈ A.
Now assume 〈a〉 ∩ 〈b〉 = 1.
(1) m  5. By Lemma 2.7, there exists b1 ∈ H = 〈a,b〉 such that H = 〈a,b1〉 and 〈a〉 ∩ 〈b1〉 = 1.
By the above argument, |〈[a,b1]〉G |  24 and exp(〈[a,b1]〉G)  23. Hence |〈c〉G |  24 and c8 = 1 for
c ∈ 〈[a,b1]〉G .
(2) m  3. If m  2, then |〈a〉G | 24. It is easy to get |〈c〉G | 23. Now suppose that m = 3. Then
|〈a〉G | 25. We have |〈c〉G | 24. If 〈c〉G is a cyclic subgroup of order 24, then |〈a〉G : 〈c〉G | = 2 for 〈a〉G
is not cyclic. By Proposition 3.3, 〈a〉G cannot be generated by elements of order 23, which contradicts
|a| = 23. Hence exp(〈c〉G) 23, and then c8 = 1.
(3) m = 4. If |b| 23, then |〈a〉G ∩ 〈b〉G | 24 for b /∈ 〈a〉G by assumption. So |〈c〉G | 24. Hence we
need to consider the case |a| = |b| = 24. Let H = 〈a,b〉.
(3.1) 〈a4〉 〈a〉∩ 〈b〉. If |〈a〉H : 〈a〉| 2, by Lemma 2.5, there exists b1 ∈ H such that H = 〈a,b1〉 and
|b1| 23. By the above argument, |〈[a,b1]〉G | 24 and c8 = 1. So we need only to consider the case
|〈a〉H : 〈a〉| = 4 and |〈b〉H : 〈b〉| = 4. Now H = 〈a〉H 〈b〉H = 〈a〉G〈b〉G  G . Let H¯ = H/〈a4〉 and a¯ = a〈a4〉,
b¯ = b〈a4〉. Then |H¯| 26 for H¯ ∈ BI(22). We shall prove |H ′| 24.
If |H¯| = 26, then |〈a¯〉H¯ ∩ 〈b¯〉H¯ | = 4 and |H¯ ′|  4. So |H ′|  24. If |H¯| = 25, then |H/〈a8〉| = 26. By
Proposition 3.3, H/〈a8〉 is not a 2-group of maximal class. Thus |(H/〈a8〉)′|  23, and |H ′|  24. If
|H¯| 24, clearly |H¯ ′| 4 and |H ′| 24.
We claim that H ′ is not a cyclic of order 24. Otherwise, H ′ = 〈c〉, and |c| = 24. Hence ca = ck , where
(k,2) = 1 and 1  k  24. If a4 /∈ 〈c〉 ∩ 〈a〉, then |c¯|  23. It follows that |H¯|  26, which contradicts
|〈a¯〉H¯ ∩ 〈b¯〉H¯ | = 4. Hence c4 ∈ 〈a〉, and (c4)a = c4k = c4. Since a4 ∈ Z(H), we have [a4,b] = 1. Note that
[a4,b] = [a,b]a3 [a,b]a2 [a,b]a[a,b], and we have ck3ck2ckc = ck3+k2+k+1 = 1. So we get
{
k3 + k2 + k + 1 ≡ 0 (mod 24),
4k ≡ 4 (mod 24). (2)
Clearly the equations have no solution for (k,2) = 1 and 1 k 24.
Hence H ′ is not a cyclic group of order 24. This implies c8 = 1 and |〈c〉G | 24.
(3.2) 〈a8〉 = 〈a〉 ∩ 〈b〉. By Theorem 3.1, a8 ∈ Z(G). Let G¯ = G/〈a8〉 and a¯ = a〈a8〉, b¯ = b〈a8〉, c¯ =
c〈a8〉. Since H¯ = 〈a¯, b¯〉 ∈ BI(22) and 〈a¯〉 ∩ 〈b¯〉 = 1, by Lemma 2.3, we have |c¯|  22. It follows that
c8 = 1. If |〈c〉G | = 25, then |〈c〉G ∩ 〈a〉| 23 and |〈c〉G ∩ 〈b〉| 23. It follows that 〈c〉G = 〈a〉G ∩ 〈b〉G =
〈a2,b2〉. Then we have 〈a〉G = 〈a,b2〉 and 〈b〉G = 〈b,a2〉. It follows that H = 〈a,b〉 = 〈a〉G 〈b〉G  G . By
Lemma 2.3, |H¯ ′| 23 and exp(H¯ ′) 4. So we have |H ′| 24 and H ′  G , a contradiction. Hence we
have |〈c〉G | 24 and c8 = 1, as required. 
Corollary 3.5. Let G ∈ BI(22). Then exp(G ′) 23 .
Proof. Let c = [a1,b1], d = [a2,b2], where a1,a2,b1,b2 ∈ G . By Theorem 3.4, c8 = d8 = 1 and |〈c〉G |
24, |〈d〉G | 24. Let x = cmdn . We shall prove that x8 = 1.
Let H = 〈c〉G , K = 〈d〉G . If |H ∩ K | 4, then x8 = (cm)8(dn)8c
(8
2
)
2 c
(8
3
)
3 = 1, where c2, c3 ∈ H ∩ K . If
|H ∩ K | = 8, then |HK| 25. If there exists g ∈ HK such that |g| = 24, then HK is abelian, HK ∼= M25 , or
HK is a 2-group of maximal class. If HK is abelian or HK ∼= M25 , then Ω3(HK) is a proper subgroup of
HK and exp(HK) 23. By Theorem 3.4, HK Ω3(HK), a contradiction. If HK is a 2-group of maximal
class, then cl(HK) = 4. But we have cl(HK) 3 since HK  G ′ and cl(G) 5, a contradiction.
Hence g8 = 1 for each g ∈ HK . By Hall–Petrescu formula, exp(G ′) 23. 
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